TORSION FREE AND PROJECTIVE MODULES

BY
HYMAN BASS(Y)

Introduction. Serre has asked [5, p. 243] whether projective modules over
the polynomial ring K[X), - - -, X.], K a field, are free, and Seshadri has
proved that this is so when =2, More precisely, he showed that every
R[X]-projective module “comes from” one over R if R is either a principal
ideal domain [6] or the coordinate ring of a nonsingular affine curve over an
algebraically closed field [7]. By modifying Seshardri’s argument in [6] we
show here (Theorem 2.4) that R may be any Dedekind ring(?). Moreover we
provide an example, due to S. Schanuel, which shows that some assumption
like integral closure on R, is, in general, necessary for this conclusion.

Problems of the above type can often be reduced to showing that a pro-
jective module is a direct sum of modules of rank 1, and this led us to ask for
what integral domains R this is true for all (finitely generated) torsion free
modules. Our main result (Theorem 1.7) gives an essentially complete solu-
tion to this problem. With mild assumptions on R, a necessary and sufficient
condition is that every ideal in R can be generated by two elements. Thus
these integral domains are very close to, but need not be, Dedekind rings.

We assume a familiarity with the basic techniques of commutative algebra
as developed in Zariski and Samuel [9]. Homological algebra is appealed to
in two discrete instances; one is a reference in the proof of Proposition 1.5,
and the other is the proof of Lemma 1.9. The latter result, elementary as it is,
seems to defy any proof which does not either use, or essentially reconstruct,
the functor Ext!.

Minor portions of this work were present in the author's doctoral dis-
sertation. He gratefully records his indebtedness to Professor Kaplansky,
who communicated a computation which suggested one of the essential ideas
in the proof of Theorem 1.7.

1. Torsion free modules. Throughout this paper “module” means “finitely
generated module,” and “ring” means “commutative ring.” If M is an R-
module ur(M) denotes the least number of elements required to generate M,
and p*(R) =sup ur(¥X) where ¥ ranges over all finitely generated ideals of R.
We call R local if it has a unique maximal ideal.
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ProrosITION 1.1. R is local if and only if ur is additive; i.e. if and only if
wr(M®N)=pr(M)+ur(N) for all R-modules M and N.

Proof. If I and N are distinct maximal ideals then 1=ug(R/MNN)
=pr (R/MAR/N), so ur is not additive. Conversely, if R is local, with
maximal ideal IR, then by Nakayama's lemma, up(M)=ur(M/IMM)
=ur/m(M/MM) for all R-modules M. Therefore the additivity of ug reduces
to that of ug/m, and R/M is a field.

REMARK. Neither the proposition nor the proof above requires that R be
commutative.

Now let R be an integral domain with field of quotients L, and let M
be an R-module. Then rankgM =dim; L g M. It is easy to see that rankg M
Zur(M), with equality if and only if M is free. If N is a submodule of M
we call N closed in M if M/N is torsion free. If S is any subset of M, the
closure of S in M is the smallest closed submodule of M containing S.

PRrROPOSITION 1.2. Let R be an integral domain for which every torsion free
R-module is a direct sum of modules of ranks at most k (k=1). Then, for each
maximal ideal M of R, u*(Rm) <k+1.

Proof. To show that the hypothesis on R is inherited on Ra; we observe
that if 4 is a finitely generated R-module, and B is the R-submodule of 4
generated by a finite Rm-generating set of 4, then A =Ry®gB, so if B splits
into a direct sum, so does 4. Hence, we may assume R is already local.

Suppose there is an ideal A= D **2 Ra; CR with p(¥) (=pr(NA)) =k+2.
Let F=R¥? and a= (a1, * * +, @Gr42) EF. We claim that « belongs to no
proper direct summand of F. For suppose the contrary. Since R is local
projective modules are free, so this amounts to saying that, relative to some
new basis for F, a has at least one zero coordinate. But U is the ideal gener-
ated by the coordinates of « relative to any basis of F. E.g. an invariant de-
scription of % is: A = {f() |fEF*}, where F*=Hompg(F, R). Therefore, since
u() =k+2, no coordinate of o can vanish.

Now let K denote the closure of {«} in F, and set 4 =F/K. Then 4 is
torsion free, u(4) £k+2, and, since rank K=1(K = {xEF[ rxE Ra for some
r5£0 in R}), rank 4 =rank F—rank K=k+1. We claim that 4 is indecom-
posable; once shown, this will conclude the proposition.

Suppose A =B @ C. Then we have, using (1.1),

#(B) + u(C) = p(4) £ b+ 2,
rank B+ rank C = rank 4 = k + 1,
and
rank B £ u(B), rank C =< u(C).

From these conditions we conclude that either rank 4 =u(4), rank B=u(C),
or rank C=u(C); i.e. either 4, B, or C is free. 4 is not free for then K would
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be a proper direct summand of F containing a. Suppose, therefore, that B,
say, is free. Projecting 4 onto B with kernel C induces a map f of F onto B
which thus splits. Now as above, since a&Eker f, ker f=F, so B=0,

The next proposition sharpens a result of Cohen [3, Theorem 10]. We
first record a version of the Chinese Remainder Theorem which we shall need.

Lemma 1.3. If U, - - -, U, are patrwise comaximal ideals in R and
o, + ¢+ ¢, o are elements of an R-module A, then there is an a S A such that
a=q; mod A;4,i=1,---,7r.

Proof. By a standard argument (see [9, Chapter III, §13]) we can find
ey, * ++, & &R such that e;=8;; mod ;. Then a=e10y+ - - - +e,a, works.

If R is Noetherian, K-dim R denotes the Krull dimension of R, i.e. the
maximum length of a chain of prime ideals in R.

ProrosiTioN 1.4 (CoHEN). If R is a Noetherian integral domain for which
u*(Rm) <k for all maximalideals IR, then K-dim R £1 and p*(R) Smax(2, k).

Proof. K-dim R<1 by [3, Corollary 1 to Theorem 10]. Moreover, if
k=1 then R is a Dedekind ring and the conclusion is well known in this case
(see [9, p. 279]). Hence, we may assume £=2, and we must show u*(R) <k.

Let A be a nonzero ideal in R, and let Ny, - - -, M, be the maximal ideals
containing U; there are only finitely many since K-dim R<1. By (1.3) we
may choose ayE U so that «y is part of a minimal generating set of ARm,,

i=1, ..., n. Now let Ny, - - -, N, be those maximal ideals containing 1.
Then we may choose ayj, * * «, ar; EN so that {a;, oy akj} generate
ARm;, for each j=1, - - - , 7. We have arranged this when 9;=some I;, and
otherwise ARm; = Ry, is generated, by a single element of A. Now, by (1.3)
again, we may choose ay € U so that ay = a; mod A, j=1,---,7r,
k=2, -+, k Then if Ao=(ou, a3, - - -, ), YoRm;=ARm,, j=1,-- -, 7,
and if M~ any N;, YoRm=ARm= Rm. Hence A, and ¥, agreeing locally, are
equal.

At this point we have concluded the easier half of our main theorem
(Theorem 1.7). We now commence the more difficult task of decomposing
certain torsion free modules. The next proposition accomplishes a first reduc-
tion of the problem.

ProPOSITION 1.5. If R is a Noetherian integral domain with u*(R) £2, then
a closed projective submodule of a torsion free R-module is a direct summand.

Proof. By [1, Theorem 3.3] the conclusion above is equivalent to the con-
dition that A= (A1)~ for all nonzero ideals A in R. Since we know that
K-dim R=<1 it therefore suffices to prove

LEMMA 1.6. Let R be a Noetherian integral domain with K-dim R=1, and
let B CU be nonzero ideals with A~'=B~1. Then if ur(A) <2, A=1.

Proof. Everything localizes properly, so we may reduce to the case where
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R is local with maximal ideal M=0. If A>=VB we may, after enlarging B if
necessary, assume U/B=R/M. Then A= (a, b) with B=(MY, b), a €Y, and
a &B. Since K-dim R=1, MXa CbR for some K. If K is the least such integer
then K21, and we may choose x&IME~! so that xa EbR; then Mxa CHR,
and xb—'&a"'RDOA-L. However, since 3= (MY, b) =(Ma, b), xb1EB, so
B-1#A1; contradiction.

An example at the end of this section shows that the hypotheses of (1.6)
are fairly delicate.

We now state our principal theorem.

THEOREM 1.7. Let R be a Noetherian integral domain whose integral closure,
R, is a finite R-module. Then every torsion free R-module is a direct sum of
modules of rank one if and only if u*(R) £2. Moreover, in this case every torsion
free R-module of rank one is a projective S-module for ¢ unique ring S with
RCSCR.

The proof is an induction on the finite length }(R/R). We prepare for the
proof with three lemmas. The induction step is accomplished with (1.5) and
(1.8) when R is local. Then we use (1.3), (1.9), and (1.10) to pass first to the
semi-local, and finally to the general case.

LeEMMA 1.8. Let R be a Noetherian local integral domain with maximal ideal
M and integral closure R, and assume u*(R)=2. Then

(i) Ri=IM"11s a proper finite integral overring of R.

(ii) Every nonprincipal ideal U is an Ry-module; i.e. R =.

(iii) If S is a proper finite integral overring of R then RiCS and u*(S) S2.

Proof. MCMIM1CR so MM =9 or R. If MIM-1=R, M is invertible,
so principal, R is a discrete valuation ring, and u*(R)=1. Therefore, since
p*(R) =2, MIM1=IM, and from this it follows that Ry=IM! is a ring. More-
over, since K-dim R=1, M is a prime of a principal ideal, so Ri=R (see [9,
proof of Lemma 6, p. 276]). R, is obviously a finite R-module, so we have
established (i).

Let % be a nonprincipal fractional ideal of R and let B=M"'Y. Then
MB = MMM ¥ =INA. Now A= (a, b) with @ and b independent modulo M.
Therefore @ and b, being elements of B independent modulo MY, generate
B, since pr(B) £2. Thus B=9, and this proves (ii).

Finally, (iii) follows by applying (ii) to A=S. The fact that u*(S) <2
comes from viewing S-ideals as R-ideals.

LeEmMMA 1.9. If R is a commutative Noetherian ring and 0—A—B—C—0
an exact sequence of (finitely gemerated) R-modules, then the sequence splits if
and only if it splits locally.

Proof. The finiteness assumptions guarantee that Exty (C, 4) localizes
properly; i.e. Ext}(C, A)m=Ext};,,;(Cm, Am). Viewing the exact sequence as
an element of Exty(C, A), therefore, the lemma reduces to the familiar
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fact that an element of an R-module is zero if and only if it becomes zero at
all localizations.

LeEmMMA 1.10. Let R be a local Noetherian integral domain with maximal
ideal M, and let K-dim R=1. Suppose A is a torsion free R-module and o is a
nonzero element of A for which the closure of {a} in A is a direct summand,
Then there exists an integer n>0 such that if &’ =a mod IM"A, the closure of
{a’} in A is a direct summand.

Proof. Write 4=4,®B with 4, the closure of {a} in 4; 4o={yE4|
ryE Rafor some r#0in R} . Choose 250 in R so that a4, CRa; this is clearly
possible. Then take » large enough so that IM» CaN; this is possible because,
K-dim R being one, every nonzero ideal is I¢-primary. Now suppose o/ =a+8
with BEDMrA. Write 8=B¢+B1, BoE Ao, B1EB. Then B EM*A,CMad,
CMRa=Ma, so Bo=ma for some mEIMN, and a+Lo=(1+m)ea. Since 1+m
is a unit there is no harm in replacing a by (1+m)a, in which case we may
assume B=P,EB. Let A{ be the closure of {a’} in A. Since a0 it is clear
that A{MNB=0,soif A’=AJ +B, then actually 4A'=A4] & B.

We conclude by showing that 4’=A4, for which it suffices to show that
AcCA'. Let yE A, then ay=ra for some rER. Write B=af’ (recall BEIMM=4
CaMA Cad). Then a(y+rB)=ay+raf =ra+rB=ra’; thus y+r'EA4{
CA'’. But since B is closed in 4, and af’ =BE&B, we have 8’'&B. Therefore
r8’'&BCA’, so, finally, yEAJ{ +B=A4".

We shall now prove Theorem 1.7, by induction on I(R/R), the case R=R
being the classical theory of Steinitz-Chevalley (see [4]) for Dedekind rings.
As has been pointed out above, one of the implications follows immediately
from (1.2) and (1.4). Our task now is to show that if 4 is a nonzero torsion
free R-module, then A is a direct sum of modules of rank one. We proceed in
three steps: local, semi-local, and general.

Local case. We may assume A has no nonzero free direct summands (after
removing any that exist). Let 4, be a closed submodule of 4 of rank 1; then
A, is isomorphic to an ideal in R. If A4, is cyclic it is free, so, by (1.5), 4 is
a free direct summand of 4, contrary to our assumption above. Hence, 4, is
isomorphic to a nonprincipal ideal of R, so, by (ii) of (1.8), 4, is actually an
Ri-module, where Ri=I"!, MM being the maximal ideal of R. Since every
element of 4 belongs to a closed submodule of rank one it follows that 4 itself
enjoys the structure of an Rj-module. Moreover, by (i) of (1.8), lg,(R/Ry)
<Ir(R/R), so we finish by induction.

REMARK. This part of the proof does not establish our result for local
rings, since R; need only be semi-local.

Semi-local case. It suffices to show that 4 has a direct summand of rank
one. Let My, - - -, M, be the maximal ideals of R. By the local case we may
choose an a;E€ 4 such that the closure of {a;} in the Rm,-module Am; is a
direct summand. By (1.10) there is an #;>0 such that a=a; mod IM7Am,
implies the closure of {a} in Am, is a direct summand of Am:. Now, by (1.3),
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we may choose a=A4 so that a=a; mod MPF¥A4, i1=1, - - -, r. Let 4, be the
closure of {a} in A. Since closure commutes with localization the exact
sequence 0—A4(—A—A4 /A0 splits locally; hence, by (1.9), it splits.

General case. Let My, - - -, M, be those primes containing the conductor
from R to R, and let S=R—U}_, M,. By the semi-local case we may choose
a0 in 4 so that the closure of {a} in 45 is a direct summand of the Rs-
module 4. Let 4, be the closure of {a} in 4. As above it suffices to show
that the exact sequence 0—A4—A4—4 /4,0 splits locally. We have arranged
this at each M;, 2=1, - - -, r, and at any other M, Ry is a discrete valuation
ring, so (4/A¢)m is free.

Now we come to the final statement in the theorem. A torsion free R-
module of rank one is isomorphic to an ideal A CR; we must show that ¥
is a projective S-module for a unique ring S, RCSCR. Again we induce on
Iz(R/R). Write % = J]; Qi as a product of primary ideals, and let M; denote
the radical of Q.. If ¥ is invertible 9 is R-projective; otherwise some £, is
not invertible. Then, as in the proof of (1.8), M7 !is a proper integral overring
of R,and Q;isan M -module. But then M7 1A = M [[; Q; =] Lixs Q,M71Q;
=9, so A is an MW;-module, and the existence of S follows by induction. Now
if L is the field of quotients of S and A CL is a nonzero projective S-module,
then one can show easily that S={xEL|x¥CU}. This shows that S is
unique.

We shall now consider some examples to which Theorem 1.7 applies. A
very accessible one, suggested by Kaplansky, is the ring of Gaussian integers
with even imaginary part. In this case there are only two isomorphism types
of ideals, represented by (1), and (2,2i).

An interesting class of rings is obtained as follows. Let Z be an additive
submonoid of the non-negative integers, with greatest common divisor 1.
With K a field, let K* denote the subring of K[[T]] consisting of all power
series for which 7™ has nonzero coefficient only if #&Z. Then KZ is a one-
dimensional complete local integral domain with integral closure K[[T]].
Any such Z is finitely generated as a monoid, and the minimal number of
generators of 2 is the same as that of the maximal ideal in KZ. The relevant
observation here is that u*(K%) <k if and only if kEZ. Thus, the examples
subject to Theorem 1.7 are those for which Z is generated by {2, 2n+1},
7n=0. If »>0 the inverse of the maximal ideal in K% is K?', where 3’ is
generated by {2, 2(n—l)+1}. An example which exhibits the necessity of
the hypotheses in (1.6) is K* with Z generated by {6, 10, 15}. For in this ring
(T8, TW)-1=(1, T2 =(T®, T, T18)-1,

Finally we remark that one should be able to generalize parts of Theorem
1.7 by dropping the requirement that R be an integral domain. While the
specific formulation of such a generalization is not clear it should at least in-
clude the structure theorem of Reiner [4] for integral representations of
cyclic groups of prime order, and perhaps even yield a similar result for more
general cyclic groups.
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2. Projective modules over R[X]. Throughout this section R denotes a
Noetherian integral domain with field of quotients K, and R[X] is a poly-
nomial ring over R in the variable X. All modules are finitely generated
over their designated ring of operators, and ® = ®z. An R[X]-module M
will be called extended if M=~R[X]® M, for an R-module M,. If S is a ring
and M is an S-module, M*=Homg(M, S), and we call M reflexive if M2M**,
Clearly projective modules are reflexive.

ProPOSITION 2.1. (a) If R is integrally closed then every reflexive R[X |-
module of rank 1 is extended.

(b) (Schanuel) If there is an element tE K, t &R, such that t*&R for all
large n, then there is a projective R[X |-module of rank 1 which is not extended.

Proof. (a) Let P be a reflexive R[X ]-module of rank 1. Then P CK®P
which is a free K[X]-module of rank 1. We may choose a generator & of
KQ®P so that PCR[X]a. It is then clear that for some a0 in R, gaEP.
Now, identifying R[X ] with R[X] we may assume that P is an ideal in
R[X] and that (i) Po=PNR#0. Since R is integrally closed so is R[X ], and
since P is reflexive, P = (P~1)~1. It follows then (see [8, §105]) that (ii) P is
unmixed of height 1.

From (i) and (ii) above we shall prove that P=P,R[X]|=R[X]|®P,.
For consider all ideals ¥ in R[X] such that A=AR[X ], where Ao=ANR.
They are closed under intersection. Hence it suffices to treat a primary com-
ponent £ of P, say with radical . Now Po=PBRDP,#0 so since hP
=1, B=PoR[X]. Finally the only PB-primary ideals are ™ (see [8, Chapter
IV, 12]), >0, and it is easy to see that B =PPR[X].

(b) Suppose tEK, t&ER, and t"ER for all large n. Replacing ¢ by a power
of ¢, if necessary, we may assume {*E R for all =2. Now set ¢ =¢X and con-
sider the fractional ideals

A=_A+a,1+a+ a?)
and

B=01—a+ a1 —a).

Then AB=(1+a? 1—a?, 1+a%+a%, 1—a?). Therefore, since a"ER[X] for
all =2, and since 1= —a?(1+a?) +a?(1—a?)+(1+a%+ae*) —a*(1 —a?), we
have AB=R[X ] so A is invertible with =1,

Now we contend that ¥ is not isomorphic to an extended ideal. For sup-
pose it is. Choose a prime P in R so that ¢t ¢ Rp. Then, by passing to Rg and
Rg[X ] we can assume Ris local. In this case an extended invertible ideal must
be principal, so % = (¢) for some cE¥. Since YCK[X] and AKX [X]|=K[X]—
1=(14a+a?) —a(l+a)—we must have ccK. Now ¢ !(1+a)=c'+cuX
€R[X] so ¢'ER. Therefore, (c!)=A"'=BCR[X]; but manifestly
B  R[X]-contradiction.
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All the examples discussed at the end of the last section furnish instances
fulfilling the hypotheses of part (b) above.

We proceed now to the generalization of Seshadri’s results. The essential
idea is contained in the next proposition, which we have extracted from
Seshadri's argument. It is slightly reminiscent of the Steinitz theorem which
asserts that, over a Euclidean ring, bases for a free module and free submodule
may be “lined up” properly, so to speak. Curiously, the formulation below
does not even require R to be Noetherian.

Seshadri proved our Lemma 2.3 with the use of matrices, and this (alone)
confined his theorem to principal ideal rings.

PROPOSITION 2.2. Let Py be a maximal ideal in R, P an R[X |-module for
which P/PoP is a torsion free (and therefore free) R/PBo[X|-module, and let
L=L® - -+ ®L,CP with each L; R[X]-projective of rank 1. Then there
exists an automorphism o of L and an integer v, 0 S r S n, such that
a(l1® - - - ®L,) CBoP and

(L1 ® - - - © L) N\ PoP = Pora(Lr1 & - - - © Ly).

The proof will be preceded by a lemma. We denote the residue of anything
modulo Po by “priming” it. Thus L’ is a free module over the Euclidean ring
R'[X]. Hence, any endomorphism of L’ has a determinant. In particular the
group Aut (L) of automorphisms of L’ contains the subgroup, Auti(L’), of
automorphisms of determinant 1. These groups are GL(n, R’[X]) and
SL(n, R'[X]), respectively.

LEMMA 2.3. The natural map L—L' induces a homomorphism ¢: Aut(L)
—Aut(L’), and Aut,(L') Cim ¢.

Proof. L'=L{® - - - ®L,. Since R'[X] is a Euclidean ring Auty(L’) is
generated by automorphisms of the form a=1.+f', where f'(L{)=0 for
k¥4, and f'(L!) CL} for some 7 and j, 25j. Since L is projective we can find
a map g: L,—L; making

g

L; —‘—)L;

Wi

L —— L]

commutative. If f: L—L is defined by f(L;) =0 for k4, and f[ L;=g, then f
reduces modulo Py to f'. Now clearly a=1.+f covers o/. We need only ob-
serve that a is an automorphism. But a~!=1,—f (note that f2=0).

Proof of (2.2). The inclusion LC P induces a map f: L'—P’, Since P’ is
free and R'[X] is a Euclidean ring im fCP’ is also free, so f splits. Thus
L' =ker f®im f. If rank ker f=r then we may choose an automorphism o’ of
L’ of determinant 1 so that a/(L{ @ - - - ®L;) =ker f. By (1.3) we may lift
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o' to an automorphism o of L. Then f’ is zero on a(L1® - - - ®L,)’, and a
monomorphism on a(L,11® - - - ©L,)’, and from this our conclusion follows.

THEOREM 2.4. Let R be a Dedekind ring and P an R[X |-module such that
P /PP is a torsion free R/Po| X |-module for all primes Po in R. Then there is a
projective R-module Py such that P=2R[X | ® Po. In particular, P is projective.

Proof. Taking Bo=(0) P is torsion free, so PCK ®P, which is a free
K[X]-module. Choose a basis a1, - * + , & for K®P in P, and let L=R[X |y
® - - - ®R[X]a, CP. We have thus established the existence of a submodule
L of P for which

() L=L,® - - - ®L, with each L; an extended R[X]-projective module
of rank 1; and

(ii) aP CL for some a0 in R.

Since P is Noetherian we may choose L maximal satisfying (i) and (ii); the
theorem then asserts that L=P. Suppose not; then o= {aGRI aPCL}
# R. Choose a prime P, dividing %o. Since o0 Po must be maximal (Risa
Dedekind ring). Moreover, BoPNL 7 BoL. For write Ao=PoBo; then BoP (L,
but PoBeP CL. If BeBoP CPoL then BoP CPiBoL = L; contradiction. There-
fore gBo%of’ C‘BoPﬂL, (tsBoL.

Now we apply (1.2) to obtain an automorphism a of L for which
a(L® - - - ©L,) CBoP and

BoPNa(Lyy1® - -+ ® Ly) = Bora(Ley1 @ - - - @ Ly).
By the remark above, r>0. Hence if
H=%P'a(li® ---OL)®alLi1® -+ O L),
then H contradicts the maximality of L.
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